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This paper reports on a section of the Early Algebraic Thinking Project (EATP) which 
focused on Australian Years 3-4 (age 7-9) students’ abilities to generalise mathematical 
structure in relation to equivalence of expressions (with and without unknowns). It 
focuses on learning activities involving a sequence of representations to show that 
change resulting from addition-subtraction requires the performance of the opposite 
change (subtraction-addition respectively) by the same amount in order to return to the 
original state (e.g., x = x+p–p or x–q+q in algebraic symbols). It shows that children of 
this age can generalise this mathematical structure and that effective teaching for 
generalisation uses creative representation-worksheet partnerships.  
EATP was a five-year longitudinal project that studied a cohort of students progressively 
from Years 2 to 6 deriving from 5 inner city middle class state schools in Queensland. 
The cohort was chosen for their early algebraic thinking, particularly their ability to 
generalise mathematical structure in patterning, function and equation situations. For 
EATP, mathematical structure is built around relationship and change (Linchevski, 
1995; Scandura, 1971) and is constrained by principles i.e. powerful mathematical ideas 
where meaning is encoded in the structure between the components not in the form of 
the components (Ohlsson, 1993). (Note: EATP was funded by Australian Research 
Council Linkage grant LP0348820.)  
An expression is a combination of numbers, operations and/or variables (e.g., 7, 2x5+3, 
4x–3) while an equation is equivalence of expressions (e.g., 13=2x5+3, 4x–3=2x+5). 
Expressions are equivalent if the change from one to another is by addition/subtraction 
of 0 or by multiplication/division by 1. EATP has studied two particular principles 
associated with equivalence of expressions: the compensation principle, which comes 
from a relationship view of structure (e.g., 8+5=8+2+5–2=10+3); and the backtracking 
principle, which comes from a change view of structure (e.g.,?=?+5–5, so ?+5=11 means 
?=11-5). EATP has studied how both these principles can be generalised by Year 3-4 
students; this paper only focuses on the backtracking principle.   
Generalisation and representation. For EATP, early algebra is a way of studying 
arithmetic that develops number sense, algebraic reasoning and deep understanding of 
structure (Carraher, Schliemann, Brizuela & Ernest, 2006; Fujii & Stephens 2001; 
Steffe, 2001). The basis of early algebra (and mathematics in general) is generalisation 
(Kaput, 1999; Lannin, 2005), for example, generalising from tables of values and 
patterns to relationships between numbers and pattern rules; and generalising from 
particular examples in real-world situations to abstract representations, principles and 
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structure. There has been general consensus for some time that mathematical ideas are 
represented externally and internally (Putnam, Lampert & Petersen, 1990) and that 
mathematical understanding is the number and strength of the connections in a student’s 
internal network of representations (Hiebert & Carpenter, 1992). It has long been argued 
that generalising mathematics structures involves determining what is preserved and 
what is lost between the specific structures which have some isomorphism (Gentner & 
Markman, 1994; English and Halford, 1995).  
EATP’s research (Warren, 2006; Cooper & Warren, in press), and that of others (e.g., 
Carraher et al., 2006; Dougherty & Zilliox, 2003), has shown that young students can 
generalise to principles. In developing these generalisations, EATP has been influenced 
by: (i) the reification sequence of Sfard (1991); and (ii) the Mapping Instruction 
approach of English and Halford (1995). In analysing the act of generalisation, EATP 
has used: (i) the three generalisation levels of Radford (2003, 2006), factual (gesture 
driven), contextual (language driven) and symbolic (notation driven); (ii) the two 
components of Radford, grasping and expressing: (iii) the two generalisation forms of 
Harel (2001), results (from examples) and process (with justification); and (iv) the quasi-
variable notion of Fuji and Stephens (2001). EATP’s research suggests that quasi-
variable is extendable to generalisation to give a notion of quasi-generalisation, and that 
the ability to express generalisation in terms of numbers is a step towards full 
generalisation (Warren, 2006; Cooper & Warren, in press). In designing activities to 
enable these generalisations, EATP has been influenced by: (i) the four step sequence of 
Dreyfus (1991), one representation, more than one representation in parallel, linking 
parallel representations, and integrating representations; (ii) the argument of Duval 
(1999) that mathematics comprehension results from coordination of at least two 
representation forms or registers; the multifunctional registers of natural language, and 
figures/diagrams, and the mono-functional registers of notation systems (symbols) and 
graphs; and (iii) the contention of Duval that learning involves moving from treatments 
to conversions to the coordination of registers.  
DESIGN OF EATP 
The methodology adopted for EATP was a longitudinal and mixed method using a 
design research approach, namely, a series of teaching experiments that followed a 
cohort of students based on the conjecture driven approach of Confrey & Lachance 
(2000). It was predominantly qualitative and interpretive (Burns, 2000) but with some 
quantitative analysis of pre-post tests. In each year, the teaching experiments 
investigated the students’ learning in lessons on patterning and functional thinking 
(using the change perspective), and equivalence and equations (using the relationship 
perspective). EATP was based on a re-conceptualisation of content and pedagogy for 
algebra in the elementary school and as such the teaching experiments were 
exploratory in nature. The representations chosen were intended to be inclusive of all 
students; however, the necessity to respond to individual student needs was a position 
acknowledged from the outset. Multiple sources of data were collected and only those 
findings for which there was triangulation were considered in analysis. Adequate 
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time was spent in the field observing the lessons to substantiate the reliability of the 
collected data. The instruments used were classroom observations (video and field 
notes), teacher and student interviews (planned and ad hoc), teacher reflections, 
yearly and pre-post tests, and artefacts (students’ work).   
The particular lessons for this paper encompassed teaching the backtracking principle for 
addition and subtraction as part of the process leading to solving simple addition and 
subtraction problems for unknowns. They were conducted in a Year 3 (22 students) 
classroom in a middle class school and a Year 4 (28 students) classroom in a working 
class school. The Year 3 lesson was conducted following a sequence of lessons 
introducing the balance rule for addition and subtraction and was designed to be taught 
with resources including bags containing objects, representing the unknown, a balance 
beam, and pictures and symbols on worksheets. The Year 4 lesson was undertaken 
before a similar series of lessons. It involved applying the balance rule to simple addition 
and subtraction problems with unknowns, and was designed to be taught with a number 
line and pictures and symbols on worksheets. For both lessons, the worksheets were 
especially developed to reinforce the backtracking principle. Students were asked to 
predict and justify in both lessons with no explicit requests to generalise to any number. 
The lessons used the enquiry approaches of Mapping Instruction (English & Halford, 
1995) to discover similarities across different examples and representations.  
FINDINGS AND DISCUSSION 
The data collected was a combination of audio and video transcriptions, pre-post 
testing, graded worksheets displayed in Excel spreadsheets, field notes and written 
reflections. This information provided rich descriptions of each teaching experiment 
that contained relative information between the teaching action and students learning 
responses, in relation to records of performance and performance change. These 
descriptions were then analysed for evidence of student learning and generalisation 
processes followed for that learning.  
Year 3 lesson. This lesson focused on addition equations, representing them on a beam 
balance with objects (for numbers) and cloth bags containing objects (for unknowns), 
using balance to represent equals (see Figure 1). The representation did not allow for the 
operation of subtraction to be modelled.  
 
 
 
   Equation: 3 + 2 = 5    Equation : ? + 2 = 5 
Figure 1. Beam balance representations for equations. 
Earlier lessons had: (i) connected the beam balance representation with objects to 
number equations (see Figure 5); (ii) introduced the balance rule (i.e. adding or 
removing objects from one side of the equation requires the same action with the same 
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number of objects to the other side); and (iii) introduced the notion of the unknown 
with the cloth bag. The focus lesson discussed how the value of the unknown could 
be found by using the balance rule, that is, for ?+2=5, determining that the inverse of 
the operation, subtracting two from both sides, is the balancing action that will give 
the value of the unknown. This was reinforced by worksheets showing pictures of 
unknowns and counters in a balance situation, requesting the balancing action and 
value of the unknown, followed by a final worksheet requesting balancing action and 
value of unknown, with equations in symbol form. This worksheet contained some 
questions with large numbers and operations other than addition, and one question 
with two operations.  
Evidence collected through video showed that most students could determine the 
unknown for the simple equations represented on the balance. This ability was 
repeated for the picture worksheet. Table 1 shows the number of students who 
successfully gave the inverse action in the final worksheet. The number of correct 
responses was high for addition and for subtraction. The number of correct responses 
reduced markedly for multiplication, division and for two operations, but it should be 
noted that there was no reference to, or focussed teaching on, these operations prior 
to the introduction of the worksheet.  
Item: What do you do to both sides? Correct action 
? + 11 = 36 22 
? – 7 = 6 19 
8 + ? = 3 19 
? – 30 =54 15 
2 x ? = 12 4 
? ÷ 3 = 6 5 
3 x ? + 4 = 19 1 
Table1. Number of correct responses in terms of inverse balancing action (n=22) 
Year 4 lesson. This lesson focused on expressions as well as equations. The students 
first discussed what was required to reach a solution for equations involving addition 
with unknowns, that is, to determine an action that would leave the unknown on its own. 
To do this, the lesson focused on the expression that contained the unknown and the 
operation, and represented the expression in two ways: first by extending the balance 
representation in Figure 1 to expressions by removing the balance and the objects for the 
total and using a number line (see Figure 2).  
        
  Beam balance model      Number line model 
Figure 2. Beam balance and number line representations for different expressions. 
The beam balance activity was similar to the Year 3 lessons, except the focus of 
discussion and worksheets was only on the balancing action, not the unknown’s value. 
?+2  ?–3       ?  ?+4 
Cooper and Warren 
PME 32 and PME-NA XXX 2008                                                                           2 - 373                   
The number line activity was new to Year 4 and required the students to place the 
unknown anywhere and move right for addition and left for subtraction. After this 
skill was achieved through discussion and worksheets, the students were challenged 
to determine the change that would result in returning to the unknown. Discussion 
focused on generalising the principle that the unknown could be reached by the 
inverse operation (–4 for ?+4 and +3 for ?–3), as this was equivalent to adding zero. 
At this point, the learning that had already occurred with regard to functions and 
identifying their inverses (Warren, 2003, and Warren & Cooper, 2003), reinforced 
generalisation as did the Mapping Instruction approach of comparing addition and 
subtraction changes. 
A final worksheet was used to ascertain students’ understanding of the backtracking 
principle. It contained items that asked students to draw, for example, ?+6 on the 
number line and to identify the operation that would result in a return to the 
unknown. The results were overwhelming; all 28 students were successful for all 
items except the final two. Twenty-four students correctly answered the first of these 
items (where the students were requested to draw ?+6 and ? –6 on the same line and 
give both inverse operations) and 22 correctly answered the second of these items 
(where the students were requested to draw ?+10 and ?–8 on the same line and give 
both inverse operations). The number line was a particularly efficacious 
representation tool for inverse.  
However, as a request to write a generalisation was not asked and there were no items 
that referred to, for example, ?+n, the students were only able to show quasi-
generalisation (Fuji & Stephens, 2001) or contextual generalisation (Radford, 2003) 
at best. Viewing of the video tape showed that some children were able to justify 
their answers in discussion in a way that indicates process generalisation (Harel, 
2001).  
Interestingly, the backtracking and balance principles have the opposing actions (the 
“opposite” operation for inverse and the same operation for balance). After the 
successful generalising lesson described above which explicitly identified the 
backtracking principle for expressions with unknowns, some students became 
confused when this principle was joined with the balance principle to solve for 
unknowns in later lessons (this is an example of what EATP is calling a “compound” 
difficulty).  
CONCLUSIONS AND IMPLICATIONS 
It is difficult to pull conclusions and implications from all the teaching experiments in 
EATP without a deeper analysis of all the data occurring, including comparisons across 
generalisations for different principles and structures. However, the two lessons 
described in this paper indicate the following conclusions.  
First, students can learn to understand powerful mathematical structures like the 
backtracking principle, usually reserved for secondary school, in the early and middle 
years of elementary school if instruction is appropriate (at least in language and quasi-
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variable form – Fuji and Stephens, 2001). In EATP, because of separate focus on 
relationship through equations and change through function machines, there was overlap 
with regard to the backtracking principle that reinforced inverse in both perspectives. 
This shows that a teaching focus on structure is a highly effective method for achieving 
immediate and long term mathematical goals, particularly with respect to portability.  
Second, the position that learning is connections between representations (Hiebert & 
Carpenter, 1992) and conversions between registers and domains (Duval, 1999), was 
supported. The combination of balance and number line models was particularly 
powerful. This reinforces the teaching approach of EATP (Warren, 2006) which is based 
on a socio-constructivist theory of learning, inquiry based discourse and the 
simultaneous use of multi-representations to build new knowledge. The major 
representations used in the lesson were effective, particularly in the order that sequences 
of representations were implemented, from acting out with materials through diagrams 
to language and symbols. In particular, beam balances, cloth bags and objects and their 
pictures, integrated with number lines were very effective representations in motivating 
students, solving problems and building principles and structure.  
Third, learning can be enhanced by creative representation-worksheet partnerships. 
Often teachers restrict worksheets to the symbolic register. EATP has shown that 
creative use of pictures and directions can allow a worksheet to reinforce 
understandings (as well as procedures) and to highlight principles.   
Fourth, English and Halford’s (1995) Mapping Instruction teaching approach to 
principle generalisation has proved its efficacy in this and many other EATP lessons. 
It directs us towards comparing activity from different domains (e.g., addition and 
subtraction) and activity from different representations (e.g., balance and length).   
Fifth, although they were developed for older students, some theories regarding 
development of generalisation have application in early generalisation. This is 
particularly so for Radford’s (2003) theory regarding factual and contextual levels of 
generalisation, Harel’s (2001) theory regarding results and process generalisation, and 
Fuji and Stephens (2001) notion of quasi variable (which we have adopted as quasi-
generalisation). Harel directs us towards justifying as well as identifying generalisation, 
Radford towards role of gestures (action, movement) and language in early 
generalisation and Fuji and Stephens towards the acceptability of number-based 
descriptions of generalisations. As well, Radford’s distinction between grasping and 
expressing generalities was important; these are two aspects often confused by the 
teacher. In many instances, students’ problems with generalisation were with expressing 
the generalisation, not grasping it. Students often lacked the language with which to 
discuss generalisation and lessons often became a focus on language development.  
Sixth, some activities necessary for building structure affect cognitive load. This is 
particularly so when large numbers are used to prevent guessing and checking as a 
strategy for determining answers and to direct students towards the principle. Furthermore, 
the example in this paper has shown the “compounding” effect of building structure 
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through small steps, with the conflict that occurred between the balance and backtracking 
principles. It is necessary to build a superstructure into which to place conflicting 
principles such as backtracking and balance for finding solutions of linear equations.  
Finally, although EATP involved creative lesson development and many new activities 
and outcomes, the students’ problems in these lessons as well as in other EATP lessons 
did not really lie with the new work, but with the basic arithmetic prerequisites. As soon 
as numbers appeared, students attempted to close on operations and did not attend to 
pattern and structure to the same extent as in un-numbered situations (similar to findings 
of Davydov, 1975, supported by Dougherty & Zilliox, 2003). Furthermore, students’ 
abilities to interpret and create real world situations in terms of the actions with 
materials, diagrams/figures and symbols of early algebra, lagged behind their abilities to 
process the representations and was a constant difficulty in EATP, a difficulty that 
increased as the cohort of students moved into middle school years.  
References 
Burns, R. B. (2000). Introduction to Rsearch Methods (4th edn). French's Forest, NSW: 
Pearson. 
Carraher, D., Schliemann, A. D., Brizuela, B. M., & Earnest, D. (2006). Arithmetic and algebra in 
early mathematics education. Journal of Research in Mathematics Education, 37(2), 87-115. 
Confrey, J., & Lachance, A. (2000). Transformative teaching experiments through conjecture-
driven research design. In A. E. Kelly & R. A. Lesh (Eds.), Handbook of Research Design in 
Mathematics and Science Education (pp. 231-265). Mahwah, NJ: Lawrence Erlbaum. 
Cooper, T. J. & Warren, E. (in press). The effect of different representations on Years 3 to 5 
students’ ability to generalise. In ZDM. 
Davydov, V. V. (1975). The psychological characteristics of the “prenumeral” period of 
mathematics instruction. In L. P. Steffe (Ed.), Children’s Capacity for Learning 
Mathematics, Vol 7 (pp. 109-205). Chicago: University of Chicago.  
Dougherty, B. & Zilliox, J. (2003). Voyaging from theory and practice in teaching and learning: 
A view from Hawaii. In N. Pateman, B. Dougherty, & J. Zilliox (Eds.), Proceedings of the 
27th Conference of the International Group for the Psychology of Mathematics Education, 1, 
31-46. College of Education: University of Hawaii. 
Dreyfus T. (1991). Advanced mathematical thinking proceses. In D. Tall (Ed.), Advanced 
Mathematical Thinking (pp. 25-41). Dordtrecht: Kluwer Academic Publishers 
Duval, R. (1999). Representations, vision and visualization: Cognitive functions in 
mathematical thinking. Basic issues for learning. In F. Hitt & M. Santos (Eds.), Proceedings 
of the 21st Conference of the North American Chapter of the International Group for the 
Psychology of Mathematics Education (Vol 1, pp. 3-26).  
English, L. & Halford, G. (1995). Mathematics Education: Models and Processes. Mahwah, 
NJ: Lawrence Erlbaum 
Fujii, T. & Stephens, M. (2001). Fostering understanding of algebraic generalisation through 
numerical expressions: The role of the quasi-variables. In H. Chick, K. Stacey, J.Vincent & 
Cooper and Warren 
2 - 376                                                                                PME 32 and PME-NA XXX 2008 
J.Vincent (Eds.), The Future of the Teaching and Learning of Algebra. Proceedings of the 
12th ICMI study Conference (Vol 1, pp. 258-64). Melbourne: Australia. 
Gentner, D. & Markman, A.B. (1994). Structural alignment in comparison: No difference 
without similarity. Psychological Science, 5(3), 152-158. 
Harel, G. (2001). The Development of Mathematical Induction as a Proof Scheme: A Model for 
DNR-Based Induction. Cited Feb 2007. math.ucsd.edu/harel. 
Hiebert, J., & Carpenter, T. P. (1992). Learning and teaching with understanding. In D. Grouws 
(Ed.), "Handbook for research on mathematics teaching and learning" (pp. 65-97). New 
York: MacMillan. 
Kaput, J. (1999). Teaching and learning a new algebra. In E. Fennema & T. Romnberg (Eds.), 
Mathematics Classrooms that Promote Understanding (pp. 133-155). Mahway, NJ: 
Lawrence Erlbaum. 
Lannin, J. (2005). Generalization and Justification: The Challenge of Introducing Algebraic 
Reasoning Through Patterning Activities. Mathematical Thinking and Learning, 7(3), 231-258. 
Linchevski, L.  (1995).  Algebra with number and arithmetic with letters: A definition of pre- 
algebra. Journal of Mathematical Behavior, 14, 113-120.  
Ohlsson, S. (1993). Abstract schemas. Educational Psychologist, 28(1), 51-66. 
Putnam, R.T., Lampert, M., & Peterson, P. L. (1990).  Alternative perspectives on knowing 
mathematics in elementary schools.  Review of Research in Education, 16, 57-149. 
Radford, L. (2003). Gestures, Speech, and the Sprouting of Signs: A Semiotic-Cultural Approach 
to Students' Types of Generalization. Mathematical Thinking and Learning, 5(1), 37-70. 
Radford, L. (2006). Algebraic Thinking and the Generalization of Patterns: A Semiotic 
Perspective. Paper presented at the 28th annual meeting of the International Group for the 
Psychology of Mathematics Education (NA), Merida, Mexico. 
Scandura, J. M. (1971). Mathematics: Concrete behavioural foundations. New York: Harper & 
Row. 
Sfard, A. (1991). On the dual nature of mathematical conceptions: Reflections on processes and 
objects as different sides of the same coin. Education Studies in Mathematics, 22(1), 1-36. 
Steffe, L. (2001). What is algebraic about children's numerical reasoning. In H. Chick, K. 
Stacey, J. Vincent & J. Vincent (Eds.), The Future of the Teaching and Learning of Algebra. 
Proceedings of the 12th ICMI study conference (Vol 2, pp. 556-563). Melbourne: Australia. 
Warren, E., (2003). Young children’s understanding of equals: A longitudinal study. In N. 
Pateman, G. Dougherty, J. Zilliox (Eds.), Proceedings of the 27th conference of the 
International Group for the Psychology of Mathematics Education, 4, 379-387. Hawaii. 
Warren, E., (2006). Teacher actions that assist young students write generalizations in 
words and in symbols. Novotna, J., et al (Eds.), Proceedings of the 30th Conference of the 
international group for the psychology of mathematics education, 5, 377-384. PME: 
Prague. 
Warren E., & Cooper T. J. (2003). Introducing equivalence and inequivalence in Year 2. 
Australia Primary Mathematics Classroom, 8(1), 4-8. 
